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Convection in stars

Low-mass stars have convectively 
unstable outer layers



Outer CZs affect overall structure

to deep  

interior
High Teff (> 104 K): radiative envelopes  
- fully ionized layers 
- quick convergence to deep interior

Low Teff: convective envelope 
- partial ionization 
- inefficient convection (∇ >> ∇ad) 
- similar surface conditions result in 

largely divergent interiors

Border of 
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Radiative solution that matches the  
zero boundary conditions: (P=0, T=0)
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adapted from Kippenhahn & Weigert (1990)



Mixing Length Theory (MLT)

• MLT contains free parameter 𝛼 


• Standard calibration of 𝛼 based 
on the Sun (t⨀, M⨀, R⨀)


• Solar-calibrated 𝛼:


- constant along evolutionary 
track


- independent of other stellar 
parameters (e.g., mass, 
evolutionary phase, metallicity)

ℓ

𝛼 = ℓ/HP

very strong assumptions!



Radius inflation of low-mass stars

• M < 0.7 M☉ stars have radii larger than model predictions by ~ 3-5% 


• Rotational/magnetic effects on convection are a natural explanation

adapted from Spada et al., ApJ (2017)



3D RHD simulations of CZs
112 H.-G.Ludwig et al.: A calibration of the mixing-length for solar-type stars. I

-1000 -500 0 500
z [km]

1.45•109
1.50•109
1.55•109
1.60•109
1.65•109
1.70•109
1.75•109
1.80•109

s m
ea

n [
er

g/
g/

K]

(a) (b)
-1000 -500 0 500

z [km]

1.45•109
1.50•109
1.55•109
1.60•109
1.65•109
1.70•109
1.75•109
1.80•109

s 
[e

rg
/g

/K
]

Fig. 1a and b. Depth dependence of the entropy in the solar surface layers as obtained from hydrodynamical simulations (Teff = 5770K,
log g = 4.44, model code L71D07) performed on a 140 (x) by 71 (z) grid with frequency-dependent radiative transfer. The mean entropy
(horizontal and temporal average) is shown in panel a, spatially resolved entropy profiles in panel b. Geometrical height zero corresponds to
τRoss = 1. Note that the model comprises only the uppermost part of the 200Mm deep solar convective zone.

tural quantity, namely the entropy of the adiabatically stratified
layers deep in the convective stellar envelope. In the following
we shall refer to this entropy as senv. Its relevance for stellar
structure stems from the fact that it strongly influences the ra-
dius of a star. To obtain handy numbers, all entropy values in
this paper — unless stated otherwise — are given in units of
s0 = 109 erg/g/K. To link our results more directly to standard
stellar structure modeling we translate senv into an equivalent
mixing-length parameter.

Some words concerning our nomenclature: we use the term
“solar-type” for stars with extended convective envelopeswhere
the thickness of the superadiabatic layers at the top of this enve-
lope is small in comparison to the stellar radius. “Grey” radia-
tive transfer means that frequency-independent (mean) opaci-
ties were used in the computation of the radiation field. The
opacities still depend on temperature and density and include
contributions from spectral lines.

In the paper we proceed as follows: we start with method-
ical aspects describing our hydrodynamical models, the basic
idea and the procedure to derive senv, and the translation of senv

into an equivalent mixing-length. We continue with the valida-
tion of our method by showing that we are able to predict the
solar structure derived from helioseismic measurements within
small uncertainties. We then present the calibrations of MLT
and CMT. We discuss the application of our results to stellar
modeling, point out consequences of stellar stability consider-
ations, present a derivation of the gravity-darkening exponent,
and contrast our approach with others. We conclude with future
perspectives. In the appendix we provide some auxiliary data
helping to utilize our findings in stellar structure models.

2. Methodical aspects

2.1. Hydrodynamical models of solar-type surface convection

We have obtained detailed 2-dimensional models of the surface
layers of solar-type stars from extensive numerical simulations
solving the time-dependent, non-linear equations of hydrody-
namics for a stratified compressible fluid. The calculations take
into account a realistic equation-of-state (EOS, including the

ionization of H and He as well as formation of H2-molecules)
anduse an elaborate scheme todescribemulti-dimensional, non-
local, frequency-dependent radiative transfer. Similar to classi-
cal model atmospheres, the hydrodynamical models are char-
acterized by effective temperature Teff , acceleration of grav-
ity log g, and chemical composition. They include the photo-
sphere as well as part of the subphotospheric layers, with an
open lower boundary, allowing a free flow of gas out of and
into the model. A fixed specific entropy s∗ is (asymptotically)
assigned to the gas entering the simulation volume from be-
low. The value adopted for s∗ uniquely determines the effective
temperature of the hydrodynamical model. For details about
the physical assumptions, numerical method and characteris-
tics of the resulting convective flows see Ludwig et al. (1994)
and Freytag et al. (1996).

2.2. From the surface to the base of a convection zone

Fig. 1a shows the mean entropy as a function of depth obtained
from a hydrodynamical granulationmodel of the Sun by averag-
ing over horizontal planes and over time. As in this example, our
models in general do not extend deep enough to include those
layers where the mean stratification of the convection zone be-
comes adiabatic. While the mean entropy stratification of the
hydrodynamical models does not permit a direct determination
of the entropy corresponding to the adiabat of the deep convec-
tion zone, the spatially resolved entropy profiles contain addi-
tional information. Fig. 1b displays the entropy profiles for an
arbitrary instant of the sequence fromwhich the mean stratifica-
tion in Fig. 1a was computed. The granular convection pattern
at the surface of solar-type stars is formed by broad hot upflows
accompanied by concentrated cool downdrafts. Fig. 1b shows a
remarkable entropy plateau in the subsurface layers, indicating
that — in contrast to the narrow downdrafts — the gas in the
central regions of the broad ascending flows is still thermally
isolated from its surroundings. Neither radiative losses nor en-
trainment by material of low entropy can produce significant
deviations from adiabatic expansion until immediately below
the radiating surface layers. The height of the entropy plateau
is essentially independent of time and corresponds to s∗.

horizontally-resolved profilesaverage profile

Ludwig et al., A&A (1999)

sad: adiabatic specific entropy (units: erg g-1 K-1) in the deep convective layers

sad



Calibration of 𝛼 using RHD simulations
when projected on a rotated glog – Tlog eff plane. The method
proposed in this Letter builds upon the pioneering work of
others, but offers a few advantages. First, a single-valued
functional form is convenient from a modeling perspective. For
example, in stellar evolution codes, the desired stellar model
entropy can be evaluated as the model evolves without the need
for multidimensional interpolation in the glog – Tlog eff plane.
Second, and more importantly, calibrating against thermo-
dynamic quantities is not dependent on particular modeling
codes. In the absence of an improved model that accurately
describes convective dynamics in stars, the most direct route to
improving stellar models through calibration may be to
leverage existing parameterized convection models such as
MLT. While thermodynamic quantities (in this case, the
entropy adiabat, sad) can always be related to parameters like
the mixing length, the translation renders the calibration model
dependent. This is indeed useful if one wishes to calibrate
models with a particular stellar evolution code, but it cannot be
applied generally since the interpretation of parameters such as
α is specific to the model. Instead, we choose to look at how
fundamental physical quantities, such as the specific entropy,
vary in the glog – Tlog eff plane.

2. MIXING LENGTH THEORY AND
CONVECTION ZONE ENTROPY

One of the major weakness affecting models constructed
using the MLT is the freely adjustable scale factor α, which
permits a wide range of adiabatic structures. This, and three
other free parameters (see, e.g., Ludwig et al. 1999; Arnett
et al. 2010) in the MLT formalism to account for geometric
properties of convection, set the entropy profile below the
photosphere and determine the asymptotic limit of the entropy
(or sad) that is reached when convection is efficient, and the
stratification is very near to adiabatic. This is in turn reflected in
a large uncertainty in the calculated radii.

With MLT models alone, there is no way to determine which
asymptotic entropy, or adiabat, is correct. To illustrate this, in
Figure 1, we show the specific entropy profiles of four 1D
stellar models with identical stellar atmosphere parameters,
each computed with a different value of α. The specific entropy
in both 1D models and 3D simulations was calculated with the
OPAL (Rogers & Nayfonov 2002) equation of state tables.
Near the surface there exists a steep entropy gradient where
radiative transfer of energy dominates, and the stratification is
convectively stable. Further down, the entropy reaches a
minimum and the entropy gradient switches sign, indicating
that the region is convectively unstable. The entropy gradient
continues to flatten with depth, with the entropy approaching a
near-constant value sad that depends on α, and remains roughly
constant throughout the convective region until the effect of
overshoot near the interior edge of the convective envelope
changes the profile again.

One advantage of 3D simulations over 1D models is that
simulations do not have an arbitrarily set mixing length
parameter, and instead converge to a thermal structure that self-
consistently links the deep adiabatic layers to the radiative
atmosphere. Also shown in the upper panel of Figure 1 is the
mean entropy profile for a 3D simulation with the same glog
and Tlog eff as the 1D models. There are no free parameters
(beyond factors for artificial viscosity and the subgrid scale
model), so the resulting entropy profile is unique to the surface
gravity, effective temperature, and chemical composition of the

simulation. Comparing the simulated entropy profile to the
MLT models, we see that there is a value of α that can
reproduce the simulated sad. However, the complete entropy
profile in the simulation cannot be matched by any of the MLT
models, and this can be for a number of reasons, such as the use
of an inconsistent T–τ relation or more likely, the absence of
dynamical effects in the 1D models. We shall concentrate only
on sad in our approach to mixing length calibration. This is
similar to the recent work of Magic et al. (2015), where the
entropy adiabat is related to the mixing length parameter; what
we show here is that the evolution of sad could potentially be
described as a function of a single variable, which would be
simpler to implement in 1D stellar evolution codes.

3. THE ENTROPY CALIBRATION

In the lower panel of Figure 1, we show contours of constant
sad as obtained from 3D simulations by Magic et al. (2015)

Figure 1. Top panel: specific entropy near the surface of several 1D stellar
models and one 3D RHD simulation. The models and simulation all share the
same surface parameters ( =glog 4.30 and =Tlog 3.76eff ) and chemical
composition (Z = 0.001, X = 0.754), but the 1D models are computed with
different mixing length parameters, and so have different envelope entropy
(sad). The simulation does not contain a mixing length parameter, so the
specific entropy is determined self-consistently and uniquely. Bottom panel:
contours of adiabatic entropy (sad) in the glog – Tlog eff plane, as determined by
the 3D simulations of Magic et al. The contours of sad (ranging from 16 · 108 to
24 · 108 erg s−1 K−1 from the lower left to the upper right) are equivalent to
contours of constant polytropic K (see, e.g., Kippenhahn & Weigert 1990) and
denote the convective envelope adiabats. Evolutionary tracks for a range of
stellar masses (Me = 0.75–1.40), all with the same composition parameters,
and with the same constant value of the mixing length parameter α, are shown
for reference.
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Tune 𝛼 to reproduce the value of sad obtained from RHD simulations



Extract sad from 3D RHD simulations

TBD 3

evolutionary track. This value is selected on the basis
of the results of 3D RHD simulations of convection.
At given chemical composition, the stellar evolution

code provides a calibration of sad(log g, logTeff ;αMLT);
the “correct” sad, on the other hand, can be obtained
from the tables based on the simulations of Magic et al.
(2013) and Tanner et al. (2013a,b, 2014). The value of
αMLT that yields the sad in agreement with the 3D RHD
simulations can then be derived through an iterative
procedure at each time step.
The main advantage of this method is its simplicity of

implementation in an existing stellar evolution code. It
is a powerful tool for evaluating physically reliable stel-
lar radii. It is however important to note that because
the MLT does not provide a faithful physical descrip-
tion of the structure of the atmosphere, the only phys-
ical significance of αMLT in this method is to provide a
mapping onto sad. As it is, the numerical value of αMLT

is not only a function of the microscopic physics input,
but it depends also on the specifics of the treatment of
the atmosphere in the stellar evolution code. Another
advantage is that this method does not require strict
consistency of the input physics used in the 3D RHD
simulation and in the stellar evolution code.
The second objective of this paper is to illustrate the

effect of the improved radius calibration by exploring
the past and future evolution of the Sun, and to com-
pare the results with the conventional stellar evolution
tracks constructed with a constant αMLT. The revised
role of the SSM in stellar evolution calculations is briefly
discussed.
Finally, we note that a number of open issues of cur-

rent astrophysics can essentially be ascribed to the need
of a more reliable, physically motivated calibration of
stellar radii; this paper is intended as a first step in that
direction. For example, the measured radii of low-mass,
main sequence stars are often found to be in disagree-
ment with model predictions (e.g., Chabrier et al. 2007;
Feiden & Chaboyer 2012; Somers & Pinsonneault 2015;
Lanzafame et al. 2017; MacDonald & Mullan 2017);
precise modeling of red giant stars, made possible by
asteroseismology, seems to require the introduction
of a metallicity-dependent αMLT(Bonaca et al. 2012;
Tayar et al. 2017); finally, estimating the radii of exo-
planets, which is essential to constrain their density and
interior structure, relies on the accurate characteriza-
tion of the host star (Boyajian et al. 2015; Shields et al.
2016).
This paper is organized as follows: in Section 2 we

describe our stellar evolution code and the details of our
entropy-based calibration procedure of the MLT param-
eter αMLT. In Section 3 we compare the evolution and

the fundamental properties of an entropy-calibrated so-
lar model with one constructed using the standard pro-
cedure; the impact of our αMLT calibration on the evolu-
tionary tracks and radii of other stars are also discussed.
Our main conclusions are presented in Section 4.

2. METHODS

2.1. An alternative calibration for stellar radii

In our stellar evolution models, αMLT is not calibrated
against the solar radius, as in the standard approach,
but by matching the entropy of the deep portion of
their convective layers, where convection is in the adia-
batic regime, with the respective value obtained from 3D
RHD simulations. The parameter αMLT is re-calibrated
at each step in the evolutionary sequence, i.e., at given
metallicity, [Fe/H], effective temperature, Teff , and sur-
face gravity, log g. This procedure preserves the depen-
dence of the properties of convection on the stellar at-
mospheric parameters, as distilled in the results of the
3D RHD simulation. In turn, it provides an alternative
calibration of the surface radius for stellar models.
The set of parameters {[Fe/H], Teff , log g} completely

specifies the conditions of the stellar envelope, and there-
fore its adiabatic specific entropy. The 3D RHD simula-
tions can then be used to define a mapping of the spe-
cific entropy as a function of the location of the star in
the HR diagram and of its surface composition. In this
work, we have adopted the fitting formulae introduced
by Tanner et al. (2016) to specify the function:

sRHD
ad ([Fe/H], Teff , log g).

These fits are based on the 3D RHD simulations of
both Magic et al. (2013) and of Tanner et al. (2013a,b,
2014). Although these two subsets of simulations were
constructed using independent codes, as well as partly
different choices of input physics, Tanner et al. (2016)
showed that the predicted values of sRHD

ad
are remarkably

consistent with each other (see their figure 3). Moreover,
an analytical one-parameter functional relation for sRHD

ad

can be constructed in terms of the variable x, which is
obtained as a “rotation” in the (Teff , log g) plane:

sRHD
ad = s0 + β exp

!

x− x0

τ

"

;

x = A logTeff +B log g,

(1)

where A, B, s0, x0, β, τ are (metallicity-dependent)
fitting coefficients (cf. table 1 of Tanner et al. 2016).
The entropy of the adiabatic layers in a stellar inte-

rior model constructed with a stellar evolution code, on
the other hand, is a function of the evolutionary stage,
including the chemical composition, and of the MLT

plotted on the glog – Tlog eff plane. Also shown on the plot for
reference are evolutionary tracks (computed with the Grevesse
& Sauval 1998 mixture and metallicity Z = 0.018), which are
included to show the region of main-sequence stellar evolution.
One striking feature of the sad contours is that they are nearly
parallel, and for a particular chemical composition, sad appears
to be a smooth function of glog and Tlog eff . The smoothly
varying nature of the sad contours leads us to believe that a
simple projection of the glog – Tlog eff plane may sufficient to
exploit the fundamental relationship between sad, glog , and

Tlog eff . We show that this is indeed possible in Figure 2, where
simulations performed independently by Tanner et al. (2013a,
2013b, 2014) and Magic et al. (2013) are presented on different
projections of the glog – Tlog eff plane. These simulations were
performed with different codes and with different radiative
transfer schemes, and while the simulations had similar
equations of state and metallicities, they differed in their
atmospheric structures: the Tanner et al. simulations assume
gray atmospheres while Magic et al. do not. For all these

simulations, the envelope entropy, sad, can be projected on to a
one-dimensional curve when plotted against a linear combina-
tion of Tlog eff and glog (i.e., the glog – Tlog eff plane
becomes +A T B glog logeff ).
In this work, the precise values of the constants A and B for

each metallicity were selected with a nonlinear least squares
minimization to a pre-determined function. First, a function of
the form ( )-s sad 0 = (( ) )b t-x x xexp ;0 = +A Tlog eff
B glog was selected by visual inspection to represent the
dimensionally reduced data set. The choice of function is
arbitrary, but the authors note that the resulting parameters A
and B are not particularly sensitive to this, provided that the
function can adequately reproduce the variation of sad. This
function comprises six parameters that define the relationship
of sad across the glog – Tlog eff plane, and the least squares
minimization algorithm of Markwardt (2009) was then used to
determine their values (listed in Table 1). The process is
repeated for different convective envelope compositions (see
Figure 3), each of which require a unique projection of the

glog – Tlog eff plane. This fitting process effectively reduces the
dimensionality of the initial variation of sad by projecting the

glog – Tlog eff plane onto an axis that is aligned with the
convective envelope adiabats. The process used in this work is

Figure 2. Adiabatic entropy (sad) from 3D simulations of a particular chemical
composition, presented along different projections of the glog – Tlog eff plane.
Variation in simulated entropy follows a single value functional form when
presented against a particular projection that is aligned with the adiabats. The
lower panel is the projection that shows the least scatter in a regression model,
which is the projection that is aligned with the adiabats (i.e., the contours in the
lower panel of Figure 1).

Table 1
Parameters for the Function Fit to sad from Magic et al. Simulations in the

Projected glog – Tlog eff Plane ( +A T B glog logeff )

[Fe/H] A B s0 x0 β τ

0.5 0.9961 −0.0884 1.396 3.435 0.929 0.1009
0.0 0.9967 −0.0811 1.336 3.485 1.051 0.1056
−1.0 0.9974 −0.0720 1.304 3.540 1.127 0.0973
−2.0 0.9981 −0.0623 1.254 3.603 1.439 0.0899
−4.0 0.9985 −0.0553 1.104 3.606 1.216 0.0985

Figure 3. Adiabatic entropy from sets of 3D simulations with varied chemical
compositions (similar to the lowermost panel in Figure 2) presented along
projections in the glog – Tlog eff plane. Each metallicity requires different
coefficients for A and B, which correspond to different adiabatic contours in the

glog – Tlog eff plane.
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evolutionary track. This value is selected on the basis
of the results of 3D RHD simulations of convection.
At given chemical composition, the stellar evolution

code provides a calibration of sad(log g, logTeff ;αMLT);
the “correct” sad, on the other hand, can be obtained
from the tables based on the simulations of Magic et al.
(2013) and Tanner et al. (2013a,b, 2014). The value of
αMLT that yields the sad in agreement with the 3D RHD
simulations can then be derived through an iterative
procedure at each time step.
The main advantage of this method is its simplicity of

implementation in an existing stellar evolution code. It
is a powerful tool for evaluating physically reliable stel-
lar radii. It is however important to note that because
the MLT does not provide a faithful physical descrip-
tion of the structure of the atmosphere, the only phys-
ical significance of αMLT in this method is to provide a
mapping onto sad. As it is, the numerical value of αMLT

is not only a function of the microscopic physics input,
but it depends also on the specifics of the treatment of
the atmosphere in the stellar evolution code. Another
advantage is that this method does not require strict
consistency of the input physics used in the 3D RHD
simulation and in the stellar evolution code.
The second objective of this paper is to illustrate the

effect of the improved radius calibration by exploring
the past and future evolution of the Sun, and to com-
pare the results with the conventional stellar evolution
tracks constructed with a constant αMLT. The revised
role of the SSM in stellar evolution calculations is briefly
discussed.
Finally, we note that a number of open issues of cur-

rent astrophysics can essentially be ascribed to the need
of a more reliable, physically motivated calibration of
stellar radii; this paper is intended as a first step in that
direction. For example, the measured radii of low-mass,
main sequence stars are often found to be in disagree-
ment with model predictions (e.g., Chabrier et al. 2007;
Feiden & Chaboyer 2012; Somers & Pinsonneault 2015;
Lanzafame et al. 2017; MacDonald & Mullan 2017);
precise modeling of red giant stars, made possible by
asteroseismology, seems to require the introduction
of a metallicity-dependent αMLT(Bonaca et al. 2012;
Tayar et al. 2017); finally, estimating the radii of exo-
planets, which is essential to constrain their density and
interior structure, relies on the accurate characteriza-
tion of the host star (Boyajian et al. 2015; Shields et al.
2016).
This paper is organized as follows: in Section 2 we

describe our stellar evolution code and the details of our
entropy-based calibration procedure of the MLT param-
eter αMLT. In Section 3 we compare the evolution and

the fundamental properties of an entropy-calibrated so-
lar model with one constructed using the standard pro-
cedure; the impact of our αMLT calibration on the evolu-
tionary tracks and radii of other stars are also discussed.
Our main conclusions are presented in Section 4.

2. METHODS

2.1. An alternative calibration for stellar radii

In our stellar evolution models, αMLT is not calibrated
against the solar radius, as in the standard approach,
but by matching the entropy of the deep portion of
their convective layers, where convection is in the adia-
batic regime, with the respective value obtained from 3D
RHD simulations. The parameter αMLT is re-calibrated
at each step in the evolutionary sequence, i.e., at given
metallicity, [Fe/H], effective temperature, Teff , and sur-
face gravity, log g. This procedure preserves the depen-
dence of the properties of convection on the stellar at-
mospheric parameters, as distilled in the results of the
3D RHD simulation. In turn, it provides an alternative
calibration of the surface radius for stellar models.
The set of parameters {[Fe/H], Teff , log g} completely

specifies the conditions of the stellar envelope, and there-
fore its adiabatic specific entropy. The 3D RHD simula-
tions can then be used to define a mapping of the spe-
cific entropy as a function of the location of the star in
the HR diagram and of its surface composition. In this
work, we have adopted the fitting formulae introduced
by Tanner et al. (2016) to specify the function:

sRHD
ad ([Fe/H], Teff , log g).

These fits are based on the 3D RHD simulations of
both Magic et al. (2013) and of Tanner et al. (2013a,b,
2014). Although these two subsets of simulations were
constructed using independent codes, as well as partly
different choices of input physics, Tanner et al. (2016)
showed that the predicted values of sRHD

ad
are remarkably

consistent with each other (see their figure 3). Moreover,
an analytical one-parameter functional relation for sRHD

ad

can be constructed in terms of the variable x, which is
obtained as a “rotation” in the (Teff , log g) plane:

sRHD
ad = s0 + β exp

!

x− x0

τ

"

;

x = A logTeff +B log g,

(1)

where A, B, s0, x0, β, τ are (metallicity-dependent)
fitting coefficients (cf. table 1 of Tanner et al. 2016).
The entropy of the adiabatic layers in a stellar inte-

rior model constructed with a stellar evolution code, on
the other hand, is a function of the evolutionary stage,
including the chemical composition, and of the MLT

One-dimensional fit:

as a function of the variable:

The parameters of the fit 

are metallicity-dependent
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parameter αMLT. Our calibration therefore consists in
choosing the value of αMLT for which the adiabatic en-
tropy in the stellar model coincides with that obtained
from the 3D RHD simulations:

sst. codead (αMLT) ≡ sRHD
ad → αcal

MLT([Fe/H], x), (2)

where the functional dependence of sst. code
ad

and sRHD
ad

on [Fe/H] and x were omitted for clarity, and the latter
is calculated from equation (1).
Figure 1 illustrates the basic concept of the calibration

procedure. The upper panel of the Figure shows a set of
evolutionary tracks, together with the relation provided
by equation (1) at solar metallicity (in this illustrative
example, gravitational settling (or “diffusion”) of helium
and heavy elements is neglected for simplicity). For each
mass, several values of αMLT were used to construct a
subset of tracks that locally bracket the sRHD

ad
(x) rela-

tion. At fixed x, the value of αMLT that satisfies equa-
tion (2) can be found by interpolating among the tracks.
The resulting calibrated αcal

MLT
is plotted as a function

of x in the lower panel of Figure 1.
From the upper panel of Figure 1, it can be seen that

all the tracks of the subset at M = 0.85M⊙ intersect
the sRHD

ad
(x) relation, whereas at M = 1.15M⊙ the

track with αMLT = 1.60 approximately coincides with
sRHD
ad

(x) in the whole subrange of x shown. As a re-
sult, the slope of the curve αcal

MLT
(x) is steeper in the

x range covered by the low-mass tracks, and flatter in
the x range covered by tracks of higher mass. Note
that, for the Sun, x⊙ = 3.3892, and equation (1), with
the fitting parameters given in table 1 of Tanner et al.
(2016), gives sRHD

ad,⊙ = 1.760 · 109 erg g−1 K−1. In this

example, the function αcal
MLT

(x) decreases from 2.1 to 1.6
as x increases, while αcal

MLT
(x⊙) = 1.650. For compar-

ison, performing a standard calibration of αMLT with
our stellar evolution code (see Section 2.2 for details)
we obtain αMLT,⊙ = 1.827 when diffusion is included,
and αMLT,⊙ = 1.693 when diffusion is ignored. This
difference is due to a (moderate) inconsistency between
the value of sad given by equation (1) and that obtained
in a standard solar calibration of αMLT. This issue and
its solution are discussed in detail in Section 3.
In the following, we discuss stellar evolutionary tracks

that implement the αMLT calibration procedure just de-
scribed. In order to achieve self-consistency, and to in-
clude the effect of helium and metal diffusion, the cal-
ibration must be performed at each evolutionary time
step. We have therefore developed a procedure to
construct an evolutionary sequence of models that re-
calibrates αMLT after each converged model is obtained.

2.2. Implementation in the stellar evolution code
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Figure 1. Calibration of the mixing length parameter αMLT

against the entropy of the deep convective layers from 3D
RHD simulations; gravitational settling is not included in
the models shown in this Figure. Upper panel: evolution-
ary tracks (colored lines) bracketing the relation traced by
equation (1) at solar metallicity (thick black line). Red:
M = 0.85M⊙, αMLT = 1.90–2.10; brown: M = 0.90M⊙,
αMLT = 1.75–1.95; yellow: M = 0.95M⊙, αMLT = 1.65–
1.85; green: M = 1.00M⊙, αMLT = 1.60–1.80; cyan:
M = 1.05M⊙, αMLT = 1.55–1.75; blue: M = 1.10M⊙,
αMLT = 1.55–1.75; purple: M = 1.15M⊙, αMLT = 1.50–
1.70. Lower panel: calibrated αMLT obtained by interpolat-
ing among the tracks shown in the upper panel at fixed x;
the black dashed line shows a fit to the relation αcal

MLT(x).

The models discussed in this paper were con-
structed using the Yale Rotational stellar Evolu-
tion Code (YREC) in its non-rotational configuration
(Demarque et al. 2008). The standard MLT description
of convection is used in the code (Böhm-Vitense 1958).
Diffusion of helium and heavy elements is taken into
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parameter αMLT. Our calibration therefore consists in
choosing the value of αMLT for which the adiabatic en-
tropy in the stellar model coincides with that obtained
from the 3D RHD simulations:

sst. codead (αMLT) ≡ sRHD
ad → αcal

MLT([Fe/H], x), (2)

where the functional dependence of sst. code
ad

and sRHD
ad

on [Fe/H] and x were omitted for clarity, and the latter
is calculated from equation (1).
Figure 1 illustrates the basic concept of the calibration

procedure. The upper panel of the Figure shows a set of
evolutionary tracks, together with the relation provided
by equation (1) at solar metallicity (in this illustrative
example, gravitational settling (or “diffusion”) of helium
and heavy elements is neglected for simplicity). For each
mass, several values of αMLT were used to construct a
subset of tracks that locally bracket the sRHD

ad
(x) rela-

tion. At fixed x, the value of αMLT that satisfies equa-
tion (2) can be found by interpolating among the tracks.
The resulting calibrated αcal

MLT
is plotted as a function

of x in the lower panel of Figure 1.
From the upper panel of Figure 1, it can be seen that

all the tracks of the subset at M = 0.85M⊙ intersect
the sRHD

ad
(x) relation, whereas at M = 1.15M⊙ the

track with αMLT = 1.60 approximately coincides with
sRHD
ad

(x) in the whole subrange of x shown. As a re-
sult, the slope of the curve αcal

MLT
(x) is steeper in the

x range covered by the low-mass tracks, and flatter in
the x range covered by tracks of higher mass. Note
that, for the Sun, x⊙ = 3.3892, and equation (1), with
the fitting parameters given in table 1 of Tanner et al.
(2016), gives sRHD

ad,⊙ = 1.760 · 109 erg g−1 K−1. In this

example, the function αcal
MLT

(x) decreases from 2.1 to 1.6
as x increases, while αcal

MLT
(x⊙) = 1.650. For compar-

ison, performing a standard calibration of αMLT with
our stellar evolution code (see Section 2.2 for details)
we obtain αMLT,⊙ = 1.827 when diffusion is included,
and αMLT,⊙ = 1.693 when diffusion is ignored. This
difference is due to a (moderate) inconsistency between
the value of sad given by equation (1) and that obtained
in a standard solar calibration of αMLT. This issue and
its solution are discussed in detail in Section 3.
In the following, we discuss stellar evolutionary tracks

that implement the αMLT calibration procedure just de-
scribed. In order to achieve self-consistency, and to in-
clude the effect of helium and metal diffusion, the cal-
ibration must be performed at each evolutionary time
step. We have therefore developed a procedure to
construct an evolutionary sequence of models that re-
calibrates αMLT after each converged model is obtained.

2.2. Implementation in the stellar evolution code
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Figure 1. Calibration of the mixing length parameter αMLT

against the entropy of the deep convective layers from 3D
RHD simulations; gravitational settling is not included in
the models shown in this Figure. Upper panel: evolution-
ary tracks (colored lines) bracketing the relation traced by
equation (1) at solar metallicity (thick black line). Red:
M = 0.85M⊙, αMLT = 1.90–2.10; brown: M = 0.90M⊙,
αMLT = 1.75–1.95; yellow: M = 0.95M⊙, αMLT = 1.65–
1.85; green: M = 1.00M⊙, αMLT = 1.60–1.80; cyan:
M = 1.05M⊙, αMLT = 1.55–1.75; blue: M = 1.10M⊙,
αMLT = 1.55–1.75; purple: M = 1.15M⊙, αMLT = 1.50–
1.70. Lower panel: calibrated αMLT obtained by interpolat-
ing among the tracks shown in the upper panel at fixed x;
the black dashed line shows a fit to the relation αcal

MLT(x).

The models discussed in this paper were con-
structed using the Yale Rotational stellar Evolu-
tion Code (YREC) in its non-rotational configuration
(Demarque et al. 2008). The standard MLT description
of convection is used in the code (Böhm-Vitense 1958).
Diffusion of helium and heavy elements is taken into



Implementation in a stellar code (YREC)

At each evolutionary step:


- From the current stellar parameters, evaluate: 


- Iteratively solve (e.g., bisection method):
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evolutionary track. This value is selected on the basis
of the results of 3D RHD simulations of convection.
At given chemical composition, the stellar evolution

code provides a calibration of sad(log g, logTeff ;αMLT);
the “correct” sad, on the other hand, can be obtained
from the tables based on the simulations of Magic et al.
(2013) and Tanner et al. (2013a,b, 2014). The value of
αMLT that yields the sad in agreement with the 3D RHD
simulations can then be derived through an iterative
procedure at each time step.
The main advantage of this method is its simplicity of

implementation in an existing stellar evolution code. It
is a powerful tool for evaluating physically reliable stel-
lar radii. It is however important to note that because
the MLT does not provide a faithful physical descrip-
tion of the structure of the atmosphere, the only phys-
ical significance of αMLT in this method is to provide a
mapping onto sad. As it is, the numerical value of αMLT

is not only a function of the microscopic physics input,
but it depends also on the specifics of the treatment of
the atmosphere in the stellar evolution code. Another
advantage is that this method does not require strict
consistency of the input physics used in the 3D RHD
simulation and in the stellar evolution code.
The second objective of this paper is to illustrate the

effect of the improved radius calibration by exploring
the past and future evolution of the Sun, and to com-
pare the results with the conventional stellar evolution
tracks constructed with a constant αMLT. The revised
role of the SSM in stellar evolution calculations is briefly
discussed.
Finally, we note that a number of open issues of cur-

rent astrophysics can essentially be ascribed to the need
of a more reliable, physically motivated calibration of
stellar radii; this paper is intended as a first step in that
direction. For example, the measured radii of low-mass,
main sequence stars are often found to be in disagree-
ment with model predictions (e.g., Chabrier et al. 2007;
Feiden & Chaboyer 2012; Somers & Pinsonneault 2015;
Lanzafame et al. 2017; MacDonald & Mullan 2017);
precise modeling of red giant stars, made possible by
asteroseismology, seems to require the introduction
of a metallicity-dependent αMLT(Bonaca et al. 2012;
Tayar et al. 2017); finally, estimating the radii of exo-
planets, which is essential to constrain their density and
interior structure, relies on the accurate characteriza-
tion of the host star (Boyajian et al. 2015; Shields et al.
2016).
This paper is organized as follows: in Section 2 we

describe our stellar evolution code and the details of our
entropy-based calibration procedure of the MLT param-
eter αMLT. In Section 3 we compare the evolution and

the fundamental properties of an entropy-calibrated so-
lar model with one constructed using the standard pro-
cedure; the impact of our αMLT calibration on the evolu-
tionary tracks and radii of other stars are also discussed.
Our main conclusions are presented in Section 4.

2. METHODS

2.1. An alternative calibration for stellar radii

In our stellar evolution models, αMLT is not calibrated
against the solar radius, as in the standard approach,
but by matching the entropy of the deep portion of
their convective layers, where convection is in the adia-
batic regime, with the respective value obtained from 3D
RHD simulations. The parameter αMLT is re-calibrated
at each step in the evolutionary sequence, i.e., at given
metallicity, [Fe/H], effective temperature, Teff , and sur-
face gravity, log g. This procedure preserves the depen-
dence of the properties of convection on the stellar at-
mospheric parameters, as distilled in the results of the
3D RHD simulation. In turn, it provides an alternative
calibration of the surface radius for stellar models.
The set of parameters {[Fe/H], Teff , log g} completely

specifies the conditions of the stellar envelope, and there-
fore its adiabatic specific entropy. The 3D RHD simula-
tions can then be used to define a mapping of the spe-
cific entropy as a function of the location of the star in
the HR diagram and of its surface composition. In this
work, we have adopted the fitting formulae introduced
by Tanner et al. (2016) to specify the function:

sRHD
ad ([Fe/H], Teff , log g).

These fits are based on the 3D RHD simulations of
both Magic et al. (2013) and of Tanner et al. (2013a,b,
2014). Although these two subsets of simulations were
constructed using independent codes, as well as partly
different choices of input physics, Tanner et al. (2016)
showed that the predicted values of sRHD

ad
are remarkably

consistent with each other (see their figure 3). Moreover,
an analytical one-parameter functional relation for sRHD

ad

can be constructed in terms of the variable x, which is
obtained as a “rotation” in the (Teff , log g) plane:

sRHD
ad = s0 + β exp

!

x− x0

τ

"

;

x = A logTeff +B log g,

(1)

where A, B, s0, x0, β, τ are (metallicity-dependent)
fitting coefficients (cf. table 1 of Tanner et al. 2016).
The entropy of the adiabatic layers in a stellar inte-

rior model constructed with a stellar evolution code, on
the other hand, is a function of the evolutionary stage,
including the chemical composition, and of the MLT
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parameter αMLT. Our calibration therefore consists in
choosing the value of αMLT for which the adiabatic en-
tropy in the stellar model coincides with that obtained
from the 3D RHD simulations:

sst. codead (αMLT) ≡ sRHD
ad → αcal

MLT([Fe/H], x), (2)

where the functional dependence of sst. code
ad

and sRHD
ad

on [Fe/H] and x were omitted for clarity, and the latter
is calculated from equation (1).
Figure 1 illustrates the basic concept of the calibration

procedure. The upper panel of the Figure shows a set of
evolutionary tracks, together with the relation provided
by equation (1) at solar metallicity (in this illustrative
example, gravitational settling (or “diffusion”) of helium
and heavy elements is neglected for simplicity). For each
mass, several values of αMLT were used to construct a
subset of tracks that locally bracket the sRHD

ad
(x) rela-

tion. At fixed x, the value of αMLT that satisfies equa-
tion (2) can be found by interpolating among the tracks.
The resulting calibrated αcal

MLT
is plotted as a function

of x in the lower panel of Figure 1.
From the upper panel of Figure 1, it can be seen that

all the tracks of the subset at M = 0.85M⊙ intersect
the sRHD

ad
(x) relation, whereas at M = 1.15M⊙ the

track with αMLT = 1.60 approximately coincides with
sRHD
ad

(x) in the whole subrange of x shown. As a re-
sult, the slope of the curve αcal

MLT
(x) is steeper in the

x range covered by the low-mass tracks, and flatter in
the x range covered by tracks of higher mass. Note
that, for the Sun, x⊙ = 3.3892, and equation (1), with
the fitting parameters given in table 1 of Tanner et al.
(2016), gives sRHD

ad,⊙ = 1.760 · 109 erg g−1 K−1. In this

example, the function αcal
MLT

(x) decreases from 2.1 to 1.6
as x increases, while αcal

MLT
(x⊙) = 1.650. For compar-

ison, performing a standard calibration of αMLT with
our stellar evolution code (see Section 2.2 for details)
we obtain αMLT,⊙ = 1.827 when diffusion is included,
and αMLT,⊙ = 1.693 when diffusion is ignored. This
difference is due to a (moderate) inconsistency between
the value of sad given by equation (1) and that obtained
in a standard solar calibration of αMLT. This issue and
its solution are discussed in detail in Section 3.
In the following, we discuss stellar evolutionary tracks

that implement the αMLT calibration procedure just de-
scribed. In order to achieve self-consistency, and to in-
clude the effect of helium and metal diffusion, the cal-
ibration must be performed at each evolutionary time
step. We have therefore developed a procedure to
construct an evolutionary sequence of models that re-
calibrates αMLT after each converged model is obtained.

2.2. Implementation in the stellar evolution code
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Figure 1. Calibration of the mixing length parameter αMLT

against the entropy of the deep convective layers from 3D
RHD simulations; gravitational settling is not included in
the models shown in this Figure. Upper panel: evolution-
ary tracks (colored lines) bracketing the relation traced by
equation (1) at solar metallicity (thick black line). Red:
M = 0.85M⊙, αMLT = 1.90–2.10; brown: M = 0.90M⊙,
αMLT = 1.75–1.95; yellow: M = 0.95M⊙, αMLT = 1.65–
1.85; green: M = 1.00M⊙, αMLT = 1.60–1.80; cyan:
M = 1.05M⊙, αMLT = 1.55–1.75; blue: M = 1.10M⊙,
αMLT = 1.55–1.75; purple: M = 1.15M⊙, αMLT = 1.50–
1.70. Lower panel: calibrated αMLT obtained by interpolat-
ing among the tracks shown in the upper panel at fixed x;
the black dashed line shows a fit to the relation αcal

MLT(x).

The models discussed in this paper were con-
structed using the Yale Rotational stellar Evolu-
tion Code (YREC) in its non-rotational configuration
(Demarque et al. 2008). The standard MLT description
of convection is used in the code (Böhm-Vitense 1958).
Diffusion of helium and heavy elements is taken into

Construction of an entropy-calibrated evolutionary track:
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Li destruction during the PMS 
is affected (~factor of 2)



Final Remarks

• Entropy-based 𝛼 yields an improved calibration for the radii of 
low-mass stars (radius discrepancy problem)


• More physically-motivated than solar-calibration: comparing 
𝛼 across stellar evolution codes is meaningless


• Naturally takes into account effect on convection of stellar 
parameters (mass, surface composition, evolutionary phase)


• Yields improved evolutionary history of the Sun (potential 
impact on dynamics, habitability of solar system objects)


